The ow of a viscoelastic uid held by surface tension between two rotating parallel plates is considered. For small aspect ratios and almost cylindrical free surface we obtain a closed form solution for the inertia induced radial secondary ow and the shape of the meniscus. The perturbation scheme breaks down when the Deborah number reaches a critical value. E ect of surface tension, gravity and inertia is neglible on the torque but could be signi cant on the normal forces acting on the plates. Expressions for the corrections due to surface tension, gravity and inertia are obtained. We give criteria for determining when the various contributions may be neglected.
Introduction
The parallel plate rheometer is used to measure rheological properties of uids. In the simple theory of rheometry it is usually assumed that inertia, gravity and free surface e ects are negligible. It is known, however, that while the e ect on the torque may be negligible, their contribution to normal forces on the plates could be signi cant 1, 2, 3, 8, 9, 15, 16] .
Analytical results for secondary ow and free surface shape have been obtained by 5] for Newtonian uids and by 7] for simple uids. 7] obtained a series expansion in small (angular speed) for the secondary motion and the free{surface shape. 17] used a similar approach for a viscoelastic uid of Oldroyd{B type. They assumed in addition to the smallness of that the free surface is nearly cylindrical. Solutions were sought in powers of and the simpli ed equations for the secondary ow solved numerically. For counter rotating plates they found two vortices whose relative strengths vary with the degree of counter rotation. For exact counter rotation the two vortices are of equal strength. The e ect of the radial ow on the torque and normal forces were not discussed. Using a nite element method, 16] solved the problem when one plate is stationary and the other is rotating. For selected parameter values they calculated the secondary motion as well as the free surface shape for a Newtonian uid and an Oldroyd{B uid. Unlike Tidd et al. they solved the full equations of motion. Their computed meniscus shape agrees with the analytical result in 7] . For the parameter values considered, they found that the torque on the plates was insensitive to free surface e ects and gravity. However, their e ect on the normal forces on the plates were quite signi cant. Correction due to inertia was not discussed. For a discussion on inertial e ect in cone{and{plate ow see 1, 8, 11, 12, 20] . For analysis of the cone{and{plate ow with edge e ects see for example 4, 11, 19] .
In this paper, we consider the motion of a viscoelastic uid held by surface tension between two parallel plates ( Fig.1) . In most cases of practical interest, the aspect ratio = (h=a), where a is plate radius and h plate separation, is small. A perturbation scheme in the small parameter is then used to obtain closed form expressions for the primary and weak secondary ows as well as the deviation of the free surface shape from a cylinder. Our results for the free surface agree with those found in 7, 16] . For counter rotating plates the secondary ow consists of two vortices which are equal in size at exact counter rotation. The e ect of surface tension, gravity and inertia on the torque was found to be at most order O( 4 ). Expressions obtained for corrections due to gravity and surface tension agree with the computed results in 16] for the same parameter values. In addition we also give expressions for the correction due to inertia for which no comparable result was reported in 16]. Our result is obtained from the solution of the governing equations without any ad{hoc approximations.
Governing Equations
Consider the torsional ow of a viscoelastic uid contained between two parallel plates of radius a and separation h (Fig.1) Here v is the velocity,p is the pressure, is the density, is the relaxation time, while s and p are solvent and polymer viscosities respectively. The superscript T stands for transpose.
The above system of equations is to be solved subject to no slip and no penetration conditions at the plates: and (p a ?p)n + T n = Hn; (2.9) where n is the unit outward normal to the interface, is the surface tension and H is the local mean curvature of the surface. In addition we have the condition of pinning at the plates f(t; 0) =f(t; h) = a; (2.10) and appropriate initial conditions. We nondimensionalize and scale as follows: for length and time we havẽ r = ar,z = hz,t = t= , and for velocities vr = a u, v = a v, vz = h w.
For the pressure and stresses we havep = ? hgz + (p a + p= 2 ), rr = ( = 2 ) , r = ( = 2 ) , rz = ( = ) , = ( = 2 ) , z = ( = ) , and zz = ( )?. 
The pinning condition is
Assuming that the volume of uid is that contained in the cylinder of radius a and height h, conservation of volume yields
The problem de ned above contains the following dimensionless quantities, the Reynolds number Re=( a 2 = ), the Deborah number De=( ) and the retardation parameter = ( = p ). Others are the scaled capillary number Ca=( a= ( 2 )), and the Froude number Fr = (a 2 2 =(gh)), where = s + p . In the analysis that follows, we will assume that Re, De, , Ca, and (Re/Fr) are all order one quantities. This ow is purely circumferential and is viscometric.
Weak secondary ow
The secondary ow is obtained at the next order. Using the solution obtained for the primary ow we obtain, at order 2 , from the continuity equation For s = 0, (2.76) reduces to the classical result 1, 3, 20] . In this paper we shall restrict consideration to non{Newtonian uids only. Since the Newtonian limit is singular our solution will exhibit a boundary layer at the interface for small Deborah number.
Non{Newtonian case
In this case equation ( Note that c n satis es the interface condition which now reduces to c n (1) = 0 for all n. In order to satisfy symmetry conditions at the centerline we require n ? 3 > 0 for all n. In terms of physical parameters this condition is 2 The above condition imposes some restriction on the parameters De and . If (2.90) is violated then @w=@r will blow up at the centerline. When this happens our perturbation expansion breaks down since some of the neglected terms are no longer small. If we impose the weaker condition that the axial velocity be bounded along the centerline, then we can take v n > 2. In that case the analog of (2.90) is which for s = 0 gives the region of stability found by 14] for the in nite parallel plate system. We remark here that recent results 10, 13] indicate that the rst instability correspond to a non{axisymmetric mode in the form of spiral vortices. 18] found in some numerical computation that (2.91) is a curve of turning points for the steady von{Karman solution. As this limit is approached the solution found here develops a logarithmic singularity and the velocity becomes unbounded at the centerline. Thus we have found two critical values of the Deborah number (for xed ). As De approaches the rst of these two numbers the gradient of the velocity and hence the stress tensor blows up along the centerline. Close to the second the velocity vector blows up. Although this non{uniformity appears to be due to a breakdown of the asymptotics, it is interesting to note that the turning point found by 18] ) for nite values of is the same as (2.91). Therfore, it appears that the breakdown in the solution for De large may in fact be pointing to a problem intrinsic in the equations themselves; perhaps a manifestation of the 'high Wiessenberg number problem' encountered in numerical simulations of non{Newtonian uids whereby solutions break down as elasticity increases. To the order considered here the free surface is determined by surface tension and gravity only. This is in contrast to the result obtained in 11] for the cone and plate ow. There it was found that even when inertia and gravity are neglected the meniscus deviates from spherical due to the e ect of normal forces.
Discussion
Streamlines for the secondary ow are shown in Fig.2 for selected values of parameters. There is only one vortex for co-rotating plates (0 s < 1), and two vortices for counter rotating plates, (s < 0); a large vortex near the top plate and a small vortex near the bottom plate. As s decreases the size of the bottom vortex grows becoming equal to that at the top when s = ?1 (at exact counter rotation).
In the absence of gravity, f 2 = 0 and the free surface shape is cylindrical to the order considered. With gravity there is a bulge near the bottom plate and a trough near the top plate. In Fig 3 we plot The meniscus has an in ection at z = l where l = 1=2, or 5=8, depending on whether the free surface is pinned at both plates, or only at the bottom plate. When pinning is only at bottom plate a 90 o contact angle is assumed at the top plate. These results agree with those in 7] and 16]. In applications one is interested in obtaning the three material properties namely the viscosity, the rst and second normal stress coe cients. while the second normal stress di erence on both plates is zero to the order considered. We have also calculated the torque and normal forces on the Here _ a = a (1 ? s)=h. Thus for very small aspect ratio, secondary ow and edge e ects are neglible in so far as the viscosity is concerned. In other words the primary ow analysis should give very accurate results. This is in agreement with previous work ( 1, 2, 3, 19] ).
The normal force on any plane z = z 0 is given by a 2 ): After correcting for the contribution due to atmospheric pressure, the normal force is made up of four terms. We shall denote these by F p , F s , F g (z 0 ), and F i respectively. The rst term F p is the value obtained from primary ow analysis when inertial and edge e ects are neglected. The second, third and fourth terms are the contributions from edge e ects (surface tension), gravity and secondary ow (inertia) respectively. We note that for small aspect ratio it is not apparent that the all corrections factors can be neglected. Clearly, F p is of the order of (a=h) 2 and is the dominant term when h << a. If surface tension is large (of order (a=h) 2 ) then the contribution F s is not negligible.
We will now examine the corrections arising from these terms. After some simpli cation we nd for s = 0 (bottom plate stationary) 
To calculate L we write K(z) as follows where Fr=a 2 2 =(gh) is the Froude number. We have calculated the correction factors due to each of the terms in (3.5) for the parameters used in 16]. The agreement with their computed results (excluding inertial contribution which they did not compute) is excellent. Note that Re =(De)=:008 << 1 therefore according to our theory inertial contribution is neglible.
The criteria given above are useful when solving ow problems in which uid rheology is known. However, for rheologists interested in determining material properties criteria which are independent of uid rheology are preferable. We now obtain such a criterion. Since the contributions from atmospheric pressure, surface tension and gravity are all known it is an easy matter to decide whether or not their respective contributions to the total thrust on the bottom plate are neglible or not. The same is true for that part of the inertial contribution which is independent of uid rheology (given by L N = 3=20 Neglecting terms of order 4 we see that the rst normal stress coe cient satis es the following equation We have used the fact that B < 0:003. The above criterion does not depend on uid rehology and is therefore easy to check. If (3.22) is satis ed then to leading order 1 = C.
Conclusion
We have obtained an asymptotic expansion in small aspect ratio = h=a of the ow of a non{Newtonian uid trapped by surface tension between two rotating parallel plates. Explicit formulas are obtained for contributions of secondary ow and edge e ects to the torque and normal force. For small the torque was found to be insensitive to inertial and edge e ects in agreement with previous work. Their contributions to the normal force, are however, not always negligible. Criteria for determining when these contributions may be neglected are given.
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